How common and how persistent are turbulent periods? We address these questions by developing and applying a dynamic dependence framework. In order to answer the first question we estimate an unconditional mixture model of normal copulas, based on both economic and econometric justification. In order to answer the second question, we develop and estimate a hidden markov model of copulas, which allows for dynamic clustering of correlations. These models permit one to infer the relative importance of turbulent and quiescent periods in international markets. Empirically, the three most striking findings are as follows. First, for the unconditional model, turbulent regimes are more common. Second, the conditional copula model dominates the unconditional model. Third, turbulent regimes tend to be more persistent.
Introduction
This research aims to formalize and quantify the observation that economic activity in general, and financial returns in particular, alternates through periods of turbulence and quiescience.
1 A key distinction that I focus on is the tendency of return correlations to increase during turbulent periods. Understanding this downside comovement is critical, since the very hub of portfolio allocation theory is the assumption that not all returns move together at the same time. Consequently, in the international context, an understanding of this phenomenon could be important in resolving the home bias puzzle. In the domestic context, it could help explain the equity premium puzzle-if stocks display such comovement, then their riskiness relative to bonds may be even larger than presumed. Therefore, quantitative information regarding the importance of turbulence may enable us to glean insight into the underlying structure of financial markets. To phrase the question precisely, I am interested in "How frequent and how persistent is turbulence?" I address this question using a dynamic copula approach. The two main reasons for using this approach are as follows. First, use of the copula function allows for robust estimation of dependence.
2 Unlike correlation-based inference, the copula extracts the way in which variables comove, regardless of the scale with which the variables are measured. 3 Second, the use of a mixture model is a convenient compromise between parametric and nonparametric estimation approaches, combining the best features of both. Like the nonparametric approach, a mixture model can, in principle, approximate many distributional shapes and is therefore less restrictive than a single, fully parametric model. Like the parametric approach, the mixture model approach allows one to keep the dimension of the parameter space small. 4 In this paper I estimate a mixture of normal copulas, characterized by different correlation structures. In related research ( Hu (2004) and Rodriguez (2004) ) the mixed copula approach is also used. However, those papers utilize normal and asymmetric distributions in the mixture. This has the advantage of extracting different tail dependence measures, 1 See Ang and Chen (2002) , Bollerslev, Chou, and Kroner (1992) , Longin and Solnik (2001) and Schwert (2002) .
2 See Dias and Embrechts (2004) , De la Pena, Ibragimov, and Sharakhmetov (2003) , and Embrechts, McNeil, and Straumann (2001) 3 Furthermore, in the estimation I avoid mis-specification of the marginal distribution by computing the rank-based empirical distributions, before estimating the copula. 4 Moreover, the dynamic model employed herein is akin to an adaptive mixture model, which has attractive approximation properties. See McLachlan and Peel (2000) for a discussion of mixture models.
that is, to assess the relative mass of joint observations in the left tail of the return distribution. In the current paper, by contrast, the use of only normal copulas delivers a flexible copula, while preserving a familiar framework. In particular, the current paper uses one dependence concept, the familiar linear correlation. The only intuitive leap is that the correlation is indexed by different copulas which reflect, alternatively, turbulent and quiescent markets. 5 My framework therefore retains normality in a robust way through the copula, while permitting some generality via distinct correlations in the mixture densities.
The remainder of the paper is organized as follows. Section 2 details information on the copula. Section 3 motivates the use of the normal dependence structure and dynamic copulas. Sections 4 and 5 discuss the representation and estimation of the unconditional and conditional mixture models, respectively.
6 Section 6 presents the data and results.
Section 7 concludes. The Appendix contains more detail on my estimation methodology.
Background and Terminology

Copulas and Dependence
A copula is a distribution function with uniform marginals. In general (Sklar (1959) ) any continuous bivariate joint distribution F X,Y (x, y) can be represented by a copula as a function of the marginal distributions, F X (x) and F Y (y). That is,
where and u = F X (x), and v = F Y (y). Furthermore, application of the chain rule shows that the corresponding density function f X,Y (x, y) can be decomposed as
Intuitively, the joint density is the product of the marginal and copula densities.
Why is the above formulation important and useful? One important reason is that it allows researchers to avoid misspecification of the marginal distributions, and to focus directly on the dependence structure. Another reason, particularly relevant for financial research, is that copula-based dependence measures are robust to monotonic transforms. This permits empirical researchers to work with returns or log returns, for example, at their convenience.
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3 The Importance of Normality and Dynamic Copulas
Econometric and Financial Relevance of Normal Copulas
It is valuable to address the issue of functional forms of copulas. A major advantage of using mixed copulas is that it allows one to nest various dependence shapes. In addition, use of mixed copulas also improves model selection, since it permits the data to choose which copula family is most appropriate. However, a potential disadvantage is the increase in the number and type of parameters to estimate. For example, estimating a four component mixed copula would involve at least four dependence parameters and three weights. Moreover, if the copulas are from different families, for example normal and Gumbel, it is not easy to compare the strength of dependence.
An alternative route is to use a mixture of two normal copulas, which I do in this paper. This approach delivers at least three advantages.
9 First, since both copulas are normal, this formulation allows us to work with a single dependence parameter, the familiar correlation. Moreover, since this parameter has the same range in both copulas, it facilitates explicit comparisons of the strength of dependence. This is not possible with copulas from different families.
Second, the econometric relevance of the two component model is parsimony, since it reduces the number of parameters to be estimated. This is also important in terms of required computer power. Third, the financial insight is that this formulation permits discussion of a fundamental, yet little understood, aspect of financial markets. That is, the importance of turbulent and quiescent periods, which correspond to periods of high dependence and low dependence, respectively. In particular, it allows one to address such important questions as, how frequent are turbulent periods relative to quiescent periods? To the best of my knowledge, these questions have never been addressed before in the copula context.
The Importance of Dynamic Copulas
Dependence has cross section and time series properties. Most research on copulas utilize static copulas. However, in the case of financial markets, there is a clear dynamic element. An important question is, how much emphasis do we want to place on dynamics in the dependence parameters versus dynamics in the entire dependence structure? In this paper I choose to focus on the entire dependence structure, since this is more general.
10
In order to incorporate dynamics, I utilize a hidden markov model (HMM), as discussed in Section 5. It is important to realize that the HMM framework has to be applied with care. In the current application, the HMM structure is natural for at least two reasons. First, there is a reason to use normal copulas, because of the value in working with a single, familiar dependence measure. This permits an immediate interpretation of the estimated parameters. Second, the two component model is also natural, given the economic observation that there are two basic types of dependence structures, corresponding to turbulent and quiescent periods. This justifies the parsimonious structure, which is attractive for separate econometric and computational reasons. Other applications may or may not have this natural suitedness to the HMM structure. It should also be pointed out that the estimation of parameters and standard errors in this context requires significant computation and derivation, as well as theoretical justification, some of which is provided in the Appendix.
11
The HMM framework delivers two important advantages. First, it allows one to discern the dynamic structure of dependence. Second, it allows one to answer another important question related to turbulence and quiescence, namely how persistent are turbulent periods?
12 To preview the results, it appears that turbulence might be more frequent and persistent than quiescence, a finding which may have useful academic and practical implications.
Alternative Approaches
Two recent papers have also developed dynamic copulas, albeit in a different context. One uses a change-point approach, and the other uses an ARMA based predictive modelling strategy. We discuss each in turn.
Let us discuss the change-point approach. This approach involves testing for a change in the dependence parameters of a fixed copula family, and is utilized by Dias and Embrechts (2004) . A simple example could be to test the constancy of the correlation parameters in a family of bivariate normal copulas C N (u, v; ρ) . For a sample of T observations one can test the null hypothesis of structurally constant parameters as
11 For example, the estimation of parameters is simplified by the decomposition of the density into copula and marginals, where the latter are not included into the likelihood. Furthermore, the provision of standard errors requires application of both knowledge that a mixture of copulas is a copula, and that the asymptotic covariance matrix can be consistently estimated with the incomplete data Fisher Information matrix.
12 Frequency of turbulent periods is assessed by the size of the weight on the high correlation copula, and persistence is assessed by the size of the markov transition probability.
A rejection of the null hypothesis indicates that a change of parameter occurred at time t * . The test statistic is based on a likelihood ratio test, whose critical values can be evaluated via simulation.
The second approach is related to the first, and involves a mix of predictive time-series modelling and copula estimation. This approach is used by Patton (2004) , who builds a copula model for portfolio choice between large and small cap stocks, allowing the copula parameters to evolve, depending on certain conditioning variables. In particular, he models the dependence parameters in nine different copulas as a function of lagged riskfree rate, default spread, dividend yield and conditional mean forecasts for the different stocks. 13 Patton finds that knowledge of the dependence structure leads to significant gains for unconstrained investors.
Both of the above papers utilize a single underlying copula. Unlike Patton (2004) and Dias and Embrechts (2004) , the hidden markov approach that I employ focuses on clustering, and allows the underlying copula to vary from period to period. I will return to this in Section 5.
Unconditional Model
In order to develop my benchmark mixed copula model, it is necessary to clarify some background material on mixture models. Therefore, in this section I present a general mixture model, which I specialize to a mixture of copulas. A general g-component mixture model for data Y t observed at time t may be expressed as
where π i are the component weights, and Ψ ={θ 1 , ..., θ g ; π 1 , ..., π g } is the set of unknown parameters. The likelihood function is
, and the log-likelihood is
The main challenge with estimating parameters using (4) is that it involves a log of sums, for which it is often difficult to compute derivatives. Moreover, when we observe data y t we do not know which component density f i () generated it. A standard way to solve this is to treat our estimation as a missing data problem, where the missing data comprises the indicator variables {z i }. Specifically, we assume that the complete data also contains a label z i,t ≡ (z t ) i , which indicates the relevant component density for each observation y t ,
It is assumed in this context that the z i 's are independently and identically distributed, and that the y t 's are independent, conditional on z. Therefore we can write the conditional distribution of f as
where Θ denotes the set of distinct, unknown parameters, Θ ={θ 1 , ..., θ g }. I will relax the iid assumption in Section 5. Consequently we can define a complete-data likelihood as
where the second component does not depend on the weights π i . For a mixed copula application, one may replace the last term in (7) with the copula density representation in (2). This is detailed below.
What does introduction of the complete-data likelihood achieve? The quick answer is that it allows maximum likelihood estimation of the parameters using the EM algorithm, a well developed methodology from the statistics literature on incomplete data. Another answer is that expressing the log-likelihood as a function of the z i s permits easy introduction of interesting cross-sectional and dynamic behavior, simply by generalizing the z structure. I will exploit this flexibility in Section 5.
Mixed Copula and 2-Component Example
In my application of the mixture model, I specialize the functions in (3) to include copulas. That is, the densities f i are copulas, and as such represent the joint dependence structure of the pertinent variables. Other variables in (3) have the standard mixture model interpretation. Using the density decomposition in (2) permits the copula log-likelihood function for (3) to be written in the following form,
where θ represents the set of parameters in the copula, θ = (θ 1 , θ 2 ). The last term,
, is not affected by the dependence parameters θ. Therefore, our maximum likelihood estimator iŝ
I now show an example using the above approach for a parametric mixed copula. In particular, I utilize two normal copulas, therefore the functional form of the mixed copula is
where C 1 and C 2 are both normal copulas, indexed by correlation coefficients ρ 1 and ρ 2 , respectively. The normal copula and its density are presented in the Appendix. Following the exact steps outlined above, I use the density representation from (2) to obtain the following expression for the mixed copula model,
The corresponding log-likelihood function can therefore be written as
The second component of the likelihood is irrelevant for the maximization since it does not contain ρ.
Dynamic Copula Model
The dependence structure of financial markets is dynamic: firms and regions alternatively flourish or decline, come into existence or die. Consequently, comovement patterns of financial returns are ever-evolving. It is important for a realistic copula model to account for such dynamic behavior.
Hidden Markov Model
Hidden markov models (HMMs) are extensions of the mixture models described in Section 4. HMMs provide a straightforward means of allowing dynamic behavior in the copula. Formally, a hidden markov model is a set of states, each with a probability distribution. The transition probabilities π hi determine movement between the different states. The true states and transition probabilities are unobservable, and therefore have to be estimated.
14 This adds an extra set of parameters to our unconditional mixture model in the preceding section. Why would we be interested in doing this? The simple answer is that it allows us to be more flexible about the form of dependence. At a more fundamental level, we would like to predict dependence and risk, for academic as well as practical finance questions. This framework is developed in greater detail in the Appendix, and to the best of my knowledge, this is the first paper to utilize this framework in the mixed copula context. Here I give the most important insights.
Why is the HMM structure appropriate for this enquiry? The reason is that it is a flexible way to allow for time dynamics in multivariate data that is cross-sectionally dependent. This is precisely what we require in this context since our data and estimated parameters may cluster in certain periods. The main distinction in the HMM is that, unlike the unconditional model of Section 4, the z it 's are not independently distributed, because of temporal correlation between observations. 15 Since the weights π i depend on z i , the mixture density no longer has the simple form of (3). Therefore estimation of the parameters is less straightforward. In this context, the HMM approach is very useful, since it embeds the dependent z i,t 's in the likelihood in a natural way. Specifically, the HMM allows the z's to follow a stationary Markov chain with transition matrix [π hi ] , where h = 1, ...g, and i = 1, ..g. We can therefore summarize the conditional dynamics of the z i,t 's at each period t as
where the initial distribution is denoted π i,0 ,, i = 1, ...g.
Estimation of a general HMM is a slightly more involved version of the unconditional mixture model. One can use Newton-type maximum likelihood to estimate the relevant conditional expectation. The standard approach uses a version of the EM algorithm, known as the Baum-Welch algorithm. This procedure augments the E step with forward and backward recursions through the data in order to estimate the transition probabilities. Asymptotic results and computation of standard errors for HMMs are described in the Appendix. What follows is a brief outline of the estimation procedure.
Let the set of initial and transition probabilities be denoted Λ = {π i,0 , π it }, and let p(z; Λ) represent the unconditional initial distribution. Using (11) one knows that at time t, the z i,t 's depend only on t − 1, and can represent the distribution of Z in the following manner 16 ,
The likelihood function now contains an additional term reflecting the distribution of Z, and is written as p(z; Λ)
It is instructive to compare this to the unconditional case of Section 4. The main difference between this HMM log-likelihood and (7) is the additional middle term, reflecting the entire sequence of transition states over time. In Section 4 the model did not require this term, since it was assumed that z i,t was iid and therefore had no relevant information in its dynamic structure.
Mixed Copula Application
For a mixed copula application, one may replace the last term in (13) with the copula density representation in (2). This yields
We can ignore the last term, in the maximization since it contains no parameters relevant to the copula. The log likelihood therefore becomes
The estimation of the copula HMM is discussed in the Appendix.
Model Selection
The various copula models are compared using both information criteria and empirical distance measures. I discuss each in turn. First, let us consider the information criteria. The Akaike Information Criterion (AIC) is used because of its optimality properties, and also since it can be used to compare nested or non-nested models, in contrast to tests based on likelihood ratios, for example. The AIC is used in other multivariate model selection research, for example in Burnham and Anderson (2002) , Dias and Embrechts (2004), and Rodriguez (2004) . 18 We also use the Bayes Information Criterion (BIC). While the BIC does not share the same optimality properties as AIC, it penalizes more strictly for overfitting a model, which is sometimes a desirable property. The standard expressions for AIC and BIC are as follows. Consider a sample with size equal to T, and the number of estimated parameters (θ) equal to q. Then the AIC and BIC are defined as
The best model is selected as the one that minimizes AIC or BIC.
Second, let us consider the empirical distance measures, namely, the KolmogorovSmirnov (KS) and Andersen-Darling (AD) distances. These measure the distance be- 18 If we denote the true density f, then the standard information-based measure for choosing the best approximate model g is the Kullback-Leibler Information (K):
Mathematically speaking, K(f,g) is a directed distance from candidate models to the true model. The AIC (and its small sample adjusted counterparts) is generally an unbiased estimator of K, hence its desirability in model selection. For more discussion of these considerations, see Burnham and Anderson (2002), Chapter 2.
tween the empirical distribution and the estimated distribution corresponding to the maximized likelihood. Specifically, consider a data set {X 1 , ...X T } with associated parameters θ = {θ 1 , ..., θ T }, and a parametrically estimated distribution functionF (θ). If we write the empirical distribution function as F T (θ), then the Kolmogorov-Smirnov distance KS may be expressed as
and the Anderson-Darling distance AD is
The average KS and AD are computed by integrating with respect to the empirical density.
In the current application, with uniform densities, the integral reduces to a simple arithmetic mean.
Data and Results
The data used in this paper comprises weekly observations on equity indices for five countries, France, Germany, Japan, the United Kingdom, and the United States. These data are available from the MSCI data base. The sample period is from 1/20/90 to 5/29/02, for a total of 646 observations.
The results from the estimation methodology of Sections 4 and 5 are presented in Tables  1 through 7 . In addition to estimated parameters, I also present the Akaike and Bayesian Information Criteria (AIC and BIC) for assessing goodness of fit. As mentioned previously, the unconditional model has two component densities, the ith component being a normal copula with correlation ρ i . Standard errors are computed using the methods developed in the Appendix. I now discuss each table, in turn. Table 1 reports estimates of the unconditional model. Since the research question concerns the relative importance of high-and low-correlation regimes, I focus on the parameters w 1 and w 1 . These parameters represent the frequency of low and high correlation regimes, respectively. In all cases except for the France-Japan and Germany-Japan pairs, the greater weight is on the component with the larger correlation. That is, w 2 exceeds w 1 in all but two country pairs. The largest correlation is 0.826, for ρ 2 in the France-Germany pair. The smallest (absolute value) correlation is -0.028, for ρ 1 in the Japan-UK pair. The largest spread between ρ 1 and ρ 2 is for the UK-US pair, a value of 0.758. This indicates that there is a huge difference between the correlation during normal and turbulent times. Tables 2 and 3 report results from dividing the weekly data in two equal-sized samples. Table 2 's results are for the first half of the sample. The evidence on weights is weaker in this sample. Specifically, greater weight is on the component with the larger correlation in six of the pairs, all except France-Japan, Germany-Japan, Germany-US and Japan-UK. The largest correlation is 0.862, for ρ 2 in the Japan-UK pair. The smallest correlation is -0.055, for ρ 1 in the Germany-Japan pair. The largest spread between ρ 1 and ρ 2 is for the France-Germany pair, a value of 1.177. Table 3 presents results from the second half of the weekly sample. These results are more similar to those for the full sample. In all pairs except for France-Japan and France-US the greater weight is on the component with the larger correlation. That is, w 2 exceeds w 1 for all but two country pairs. The largest correlation is 0.905, for ρ 2 in the France-US pair. The smallest correlation is -0.129, for ρ 1 in the Germany-Japan pair. The largest spread between ρ 1 and ρ 2 is for the Japan-UK pair, 1.334. Taken together, the results in Tables 2 and 3 indicate that there may be some interesting dynamic behavior in the data. This dynamic behavior is explored in the hidden markov model, whose results I now discuss. Table 4 presents results for the hidden markov model. Since the research question relates to persistence of high-correlation regimes, I focus on the parameters π 11 and π 22Ṫ hese parameters represent the probability of remaining in a low-and high-correlation regime, respectively. The most striking finding is that in all country pairs except France-Japan, π 22 exceeds 1/2. That is, the likelihood of staying in a high-correlation regime is very compelling. However, π 22 is not always the largest transition probability. The largest correlation is 0.836, which is ρ 2 for the France-Germany pair. The smallest correlation is ρ 1 equal to -0.076, for the Japan-UK pair, and the largest spread is 0.776, for the Japan-US pair. Moreover, the AIC and BIC indicate that the hidden markov model fits much better for each country pair, relative to the unconditional model in Table 1 . Table 5 demonstrates additional estimation results from a hidden markov model comprising a normal and rotated gumbel mixture. I denote this model the "normal-RG model" for brevity. This mixture model is a reasonable alternative to the double normal hidden markov model, since it can represent financial returns that are subject to alternating periods of normality and downside risk. 19 The dependence parameters are all significantly different from zero. It is not, however, easy to compare the dependence parameters, since they belong to different copula families. The largest transition probabilities are π 11 or π 22 in eight of the ten country pairs, with the exception of Japan-UK and UK-US. This indicates that there is persistence in both periods of normality and periods of downside risk. Table 6 presents results of the Kolmogorov-Smirnov and Anderson-Darling statistics, as well as their corresponding averages. The models I compare include the 2-component normal copula, No(2), the mixture of normal and Rotated Gumbel copulas, NoRG(2), and the best of a set of other unconditional copulas, BestUnc.
20 It should be noted that the hidden markov models are not included in this table because they do not indicate a specific density for each observation, and therefore cannot be directly compared with the empirical density. In all cases the best fit comes from the "best unconditional model", which includes a set of single and mixed non-normal copulas. In other words, the mixed normal copulas from Section 4 are dominated by other unconditional copulas. Table 7 shows a comprehensive comparison of the various copula models, based on the AIC and BIC, in Panels A and B, respectively. We discuss each, in turn. Panel A presents the AIC results. The striking result is that the hidden markov models consistently dominate all other models, with a rank of 1 or 2 for each country pair. The normal hidden markov model does the best, with an average rank of 1.2. The next best model is the normal-RG hidden markov model, which in most cases is very close to the normal hidden markov model The poorest performance is the single normal copula, with an average rank of 4.6. Panel B displays the BIC results. The best models are again overwhelmingly the normal and normal-RG hidden markov models, with ranks of 1.2 and 1.9, respectively. The poorest performance is the unconditional double normal copula, with an average rank of 4.4. In sum, the two main findings in Table 7 are as follows. First, the double normal copula improves on a single normal copula according to the AIC but not according to the BIC, which favors parsimony. Second, and more strikingly, the hidden markov models overwhelmingly dominate other models, including the non-normal models (Best unconditional) that outperformed the unconditional normal mixtures in Table 6 . This dominance of the HMM suggests that a dynamic normal copula can capture some aspects of dependence behavior better than copulas with explicit tail dependence. 21 It should of course be borne in mind that a mixture of normal copulas will have limited ability to capture asymptotic tail behavior. 22 Therefore the choice of which copula formulation to use will depend heavily on the application of interest.
Conclusions
In this research, I investigate the structure of dependence in financial markets using a mixed copula approach. This methodology is closely related to the regime-switching methodology in the time series literature. 23 This paper presents three technical contributions, two conceptual contributions, and three empirical contributions. The first technical contribution is the introduction of an econometrically parsimonious dependence structure, namely, a mixture of normal copulas, that still delivers valuable economic insights. The second technical contribution is the implementation of a hidden markov structure to account for time variation in the structure of dependence. Third, in the Appendix I extend previous results to obtain standard errors for dynamic mixed copulas. It is important to note that, within the relevant mixture component, the correlation is a robust dependence measure, since the component is a copula and therefore rank-based. In this way, I use a familiar correlation measure, but "robustify" it by allowing it to come from one of several copulas at any point in time, and allow for persistence in the choice of copula.
The two conceptual contributions are first, relating the copula technology to characterization of turbulent and quiescent periods, and second, addressing the specific questions, how frequent and how persistent are turbulent periods? The three most striking empirical findings are as follows. First, for the unconditional model, the weights are generally greater for the copula indexed with a large correlation. This indicates the interesting result that turbulent periods are more common. Moreover, for the unconditional model, the weights and parameter estimates differ greatly between the two sub-samples. Second, the hidden markov model provides a much better fit than the unconditional model. Third, 21 This is consistent with evidence on improved goodness of fit for dynamic copulas, in Dias and Embrechts (2004) . 22 It can be shown that at least one component density must have tail dependence for an unconditional mixture to have tail dependence. This holds for stationary dynamic models, where for example, we calculate the weight π 1 from its stationary distribution as π 1 = (1−π 22 )/(2−π 11 −π 22 ). I am grateful for discussions with Jonas Andersson, Jostein Lillestol and Ching-Chih Lu on this point. 23 See, for example, Chapter 22 of Hamilton (1994).
the estimated transition probabilities for the dynamic copula indicate turbulent periods are often persistent.
Why should we care about these findings? There are at least two important reasons. First, when taken together, these results indicate that international financial markets might be prone to episodes of persistent instability. This possibility has clear implications for theory and practice of finance, which typically assume the generic existence of stable economies. Second, on a practical level, a major implication of this paper is that the gaussian assumption might still be utilized in financial modelling and asset allocation, once one generalizes in a suitable manner for correlation clustering and dynamic behavior. Future work could extend this framework to account for more general dynamics, both in theoretical and empirical applications, and formalize the links to research on financial contagion.
Appendix
Distribution and Density of the Normal Copula
Let Φ ρ (x, y) denote the standard bivariate normal cumulative distribution. In other words,
where Σ = 1 ρ ρ 1 . From this one may obtain the following distribution function for the normal copula, denoted C N (.) :
The corresponding copula density for the preceding copula distribution is represented below, and denoted c ρ (.) . In both the density and distribution case, the dependence parameter ρ lies between −1 and +1.
Estimation of Unconditional Copula Model
I now return to the general formulation in (7). The estimation method for parameters in (7) is based on the EM algorithm of Dempster, Laird, and Rubin (1977) . This procedure comprises two steps. At each iteration k, the first (E) step takes the conditional expectation of (7), Q(Ψ (k) ), given the data. Then the second (M) step maximizes Q(Ψ (k) ) to obtain the updated parameter estimates, which are substituted into the E step to obtain updated estimates of the posterior probabilities 24 . This iterative procedure continues until the estimated log-likelihood function reaches a maximum. The details are now discussed. 24 The posterior probability τ i (y t ; Ψ (k) ) denotes the expectation that observation y t belongs to the ith component density. Intuitively, the posterior probabilities are updated every iteration using Bayes' rule.
E-Step
The initial iteration (k = 0) takes the conditional expectation Q(Ψ (0) ) using the initial parameter values Ψ (0) . Then, on the (k + 1)th iteration, one computes the posterior probabilities τ i (y t ; Ψ (k) ) as
which are used to compute the conditional expectation of the log-likelihood,
M-Step
The M-step chooses parameters Ψ (k+1) to maximize (15), which yields an updated set of parameters. Specifically, on iteration k + 1 one chooses Ψ (k+1) as
It should be noted that the weights are calculated as the mean of the posterior probabilities, that is,
. This is intuitive, since the estimated weight on component density i reflects the best current estimate of being in i.
Estimation of Dynamic Copula Model
I now describe the estimation of a general HMM, derived from a copula mixture model. 25 As in the unconditional mixture model, we use Newton-type maximum likelihood to estimate the conditional expectation of (13),Q(). The standard approach uses a version of the EM algorithm, known as the 25 I feel this explication is necessary since this is the first use of the HMM approach in this context-there seems to be no other literature that estimates dynamic dependence using copulas and the hidden markov framework. Although the derivation is the same as that in some of the HMM literature, e.g. Hamilton (1994) and McLachlan and Peel (2000) , it is necessary to represent all the details, since this permits easy and clear understanding of the steps in the mixed copula application. Moreover, this development allows other researchers involved in dynamic dependence to have a concrete starting point with detailed steps. Readers familiar with the estimation of hidden markov mixture models may proceed directly to the next section.
Baum-Welch algorithm. This procedure augments the E step with forward and backward recursions through the data in order to estimate the transition probabilities. 26
E-Step
In this step one calculatesQ(), the conditional expectation of (13) from the observed sample. One iterates on the expectation recursively until the improvements in the log-likelihood function fall below our criterion. Because of the middle term in (13), the E-step itself has three steps, defining the probabilities, computing auxiliary probabilities, and substituting into theQ() function.
The first step, one sets up the conditional probabilities and define forward and backward probabilities. Let τ i,t represent the following conditional probabilities at time t,
and
Furthermore, one can calculate the probability of being in state i today as the sum of all yesterday's probabilities of moving to state i, from any state, τ i,t = g h=1 τ hi,t−1 . The initial probability of being in state i, τ i,1 is estimated using the initial values for the Markov chain,
However, the values of τ hi,t are still unknown. In order to obtain them, re-express (17) using Bayes' rule,
This simplifies the expression for τ hi,t because one can evaluate the ratio on the right hand side in (18) using two auxiliary probabilities. These variables are the "forward" probabilities a i,t and the "backward" probabilities b i,t , defined in the following manner,
Combining the (19) and (18) one obtains the following equation for τ hi,t ,
The second step involves computation of (20). To do this, forward and backward recursions are computed at each iteration to estimate values for a 
Forward Recursions
The forward recursions consist of two steps, induction and termination.
The initial value is set to a
.., g. The induction step at iteration k + 1 involves searching forward through the data from period 1 onwards. Specifically, at iteration k + 1, the forward probability a i,t+1 is computed as
The termination step is determined as
Backward Recursions The backward recursion has only an induction step. The initial value is set to unity, b (k) h,T = 1, h = 1, ..., g. The induction step at iteration k + 1 involves searching backward through the data starting at period T − 1. Specifically,
As mentioned before, the estimated b i,t s and a i,t s are substituted in (20) before proceeding to the M step. Specifically, on the k−th iteration one computes τ hi,t as
, t = 1, ..., T − 1 27 The operator pr Ψ (k) denotes probability conditional on information available at the kth iteration.
In the third step, one estimatesQ(Ψ (k) ) on iteration k + 1 as
M-Step
In the M step the updated estimates are computed using (21). In particular, on iteration k + 1 one has π
At this stage the parameter estimatesθ i are obtained recursively using Newton-type maximum likelihood approach. 28
Standard Errors for Dynamic Copula Models
In this subsection I present and build on existing results for HMM standard errors. 29 Unlike previous research, we apply this methodology to the case of mixed copulas. For clarity, I express the computational aspects of the standard errors since these are utilized in my empirical applications. The paper of Bickel, Ritov, and Ryden (1998) establishes consistency and asymptotic normality of the MLEs,α T , for HMMs, and shows that the asymptotic covariance matrix is estimated consistently by the observed Fisher information,
The main two results in that research obtain under standard regularity conditions, and are described in their Lemma 2 and Theorem 1 below.
Lemma 2. Letα T be any sequence in Θ such that lim T →∞αT = α * , almost surely. Then
This result establishes consistency of the Hessian of the log likelihood. The next result establishes asymptotic normality of the MLE, where the asymptotic variance is the inverse Fisher information matrix.
Theorem 1. Assume that the information matrix is nonsingular. Then
In order to obtain standard errors for our mixed copula application, we may implement equation (23), for which it is necessary to compute the Fisher information from the likelihood function. Let us now discuss how to compute the Fisher information for a mixed copula.
As mentioned in Section 4, the likelihood function for a two component mixed copula is
Let the likelihood function be L(Ψ) = f (y t ; Ψ), and the score function be S(Y ; Ψ) = ∂ ln L(Ψ)/∂Ψ. In general, the Fisher information is
Under regularity conditions, the Fisher information can be expressed as
where the ratio on the right hand side is the negative of the Hessian of the log likelihood function.
The challenge in implementing the Fisher information is that the log likelihood involves missing data. In order to overcome this, it is possible to use an approach suggested by Louis (1982) , which we adapt in the following. 30 Note that this approach was originally used to obtain the information matrix for a mixture model. In the current context, we adapt it to the case of a hidden markov model, where the components are mixed copulas. Furthermore, we utilize (23), which establishes that using the Fisher information is justified in the present context.
We now extend the above results and outline how to calculate the asymptotic variance for a mixed copula application. We use the complete data gradient S(X, Ψ) to compute the observed information. The likelihood for our mixed copula model is as follows:
30 I am grateful to Ching-Chih Lu for discussions on the following results.
where X includes observed data y and missing data z. Therefore the gradient vector can be represented as
We can define the matrix B(.) as
where
is a 2-by-2 matrix with zeros as off-diagonal elements and −z it
It follows that
where R = {x : y(x) = y}. Then the complete data information matrix can be expressed as
The result in (33) can be substituted into the asymptotic equation (23) in order to compute the asymptotic covariance matrix. That is, one estimatesḞ with I Y (Ψ). Table 1 presents parameter estimates from the two-component mixed copula. Standard errors are in parentheses. The data frequency is weekly. The sample period is January 10, 1990 10, to May 29, 2002 , containing 646 observations. ρ1,ρ2 and w1, w2 are the correlation parameters and weights in copula 1 and 2, respectively. L represents the log likelihood function evaluated at the estimated parameters, while AIC and BIC are as defined in the paper. Table 2 presents parameter estimates from the two-component mixed copula. Standard errors are in parentheses. The data frequency is weekly. The sample period is January 10, 1990 10, to March 20, 1996 , for a total of 323 observations. ρ1,ρ2 and w1, w2 are the correlation parameters and weights in copula 1 and 2, respectively. L represents the log likelihood function evaluated at the estimated parameters while AIC and BIC are as defined in the paper. Table 3 presents parameter estimates from the two-component model. Standard errors are in parentheses. The frequency is weekly. The sample period is March 20, 1996 to May 29, 2002 , for a total of 332 observations. ρ1,ρ2 and w1, w2 are the correlation parameters and weights in copula 1 and 2, respectively. L represents the log likelihood function evaluated at the estimated parameters, while AIC and BIC are as defined in the paper. Table 4 presents estimated parameters for a hidden markov model with two normal copulas. Standard errors are reported in parentheses. The frequency is weekly. The sample period is January 10, 1990 to May 29, 2002, for a total of 646 observations. ρ1,ρ2 are the correlation parameters in copula 1 and 2, and the parameters π 11 , π 12 , π 21 , π 22 are transition probabilities. L is the log likelihood evaluated at the estimated parameters. .477 Table 5 presents estimated parameters for a hidden markov model with normal and Rotated Gumbel components. The frequency is weekly. The sample period is January 10, 1990 to May 29, 2002, for a total of 646 observations. ρ and b are the dependence parameters in the normal and rotated gumbel copulas and the parameters π 11 , π 12 , π 21 and π 22 are transition probabilities. L is the log likelihood function evaluated at the estimated parameters. Table 6 presents estimates of the Kolmogorov-Smirnov and Anderson-Darling statistics, as described in the text. No(2) and NoRG(2) denote the two component models with two normal copulas, and one normal plus one Rotated Gumbel copula, respectively. Best Unc. Denotes the best unconditional model from a set of mixed and single copulas. Rank is the relative performance of the model within a specific country pair. The number 1 signifies the best performance, that is, the smallest statistic. rank  3  3  3  3  3  3  3  3  3  3  3.0  Table 7 compares model performance within each country pair, using AIC and BIC. No(1) and No(2) denote results from the single and two-component normal copula models, respectively. HMM-No and HMM-NoRG denote results from the hidden markov models with two normal copulas and with a normal and rotated gumbel copula, respectively. Best Unc. denotes the best unconditional model from a set of mixed and single copulas. Rank is the performance of each model within the specific country pair. The Number 1 denotes the best performance, that is, the lowest AIC or BIC. 
